Parity violation in the gravitational interaction has an important impact on fundamental observables and the evolution of the universe. We here investigate for the first time our ability to probe the parity violating nature of the gravitational interaction using gravitational waves from spinprecessing binaries. Focusing on dynamical Chern-Simons gravity, we derive the spin-precession equations, calculate the gravitational waves emitted by spin-precessing, quasi-circular black hole binaries and estimate the level to which the theory could be constrained with future gravitational wave observations.
Introduction. The detection of gravitational waves (GWs) from the coalescence of compact binaries has opened the door to precision tests of the fundamental nature of the gravitational interaction in the extreme gravity regime, where the gravitational interaction and the spacetime curvature are dynamical, nonlinear and large [1, 2] . Many modified theories of gravity predict strong deviations from General Relativity (GR) in this regime, while passing Solar System constraints. Some of these theories are constructed as a low energy limit of some high energy, effective field theory, such as string theory or loop quantum gravity. The detections of GWs by the Advanced Laser Interferometer Gravitational Wave Observatory (aLIGO) and Advanced VIRGO (aVIRGO) detectors have allowed us to place constraints on such hypothetical deviations from GR, including constraints on generic ppE parameters [1, 2] , and even constraints on the speed of the graviton [3] .
One particular aspect of the gravitational interaction that is largely unconstrained is parity violation. Studying parity violation in GR has proven difficult due to the fact that parity operations must be made on three dimensional hypersurfaces foliating the spacetime manifold, and are thus slicing, or coordinate, dependent operations [4] . Nevertheless, parity violation can have important physical consequences that will lead to observable signatures necessary to constrain parity violation in gravity.
The simplest theory that generates parity violation in the gravitational sector is dynamical ChernSimons (dCS) gravity [5, 6] , which modifies the Einstein Hilbert action through the coupling of a pseudo-scalar field ϑ to the parity odd Pontryagin density ⋆ RR = (1/2)ǫ µνρσ R αβρσ R µν αβ , with R µνρσ the Riemann curvature tensor. While the action is parity invariant, dCS gravity is said to be parity violating, in the sense that modifications only appear in systems that are odd under spatial reflection. For example, GWs have been shown to exhibit amplitude birefringence [7] , which causes lefthanded (right-handed) GWs to be suppressed (enhanced) as the waves propagate. Matter and antimatter couple to right-and left-handed GWs respectively, and thus amplitude birefringence provides a natural means to explain the observed baryon asymmetry of the Universe [8] .
Constraining dCS gravity and parity violation with GWs has proven to be difficult so far due to degeneracies between propagation effects and the orientation and sky angles of binary systems emitting GWs, and degeneracies between generation effects and the spin magnitudes of the components of the binary. This is why the current best constraint on dCS gravity comes from the observation of gravitomagnetic effects in frame-dragging and geodetic precession by the Gravity Probe B and LAGEOS missions, respectively. These Solar System experiments have constrained the dimensional coupling constant of the theory to ξ 1/4 10 8 km [9] , one of the least stringent constraints of any modified theory of gravity that predicts deviations from GR on large scales.
The degeneracies between dCS corrections and spin effects, however, can be broken if the binary system precesses due to spin-orbit interactions. Most studies to date had focused on non-precessing systems, where the spins of the compact object are aligned or anti-aligned with the orbital angular momentum [10, 11] . The coupling between the spin and the orbital angular momentum of the binary forces all momenta to precess about the total angular momentum of the system. Gravitational waves emitted by these binaries exhibit amplitude modulations since the emission is weakly beamed along the orbital angular momentum. This modulation encodes the spin of the orbiting bodies and could thus be used to break the degeneracies between dCS corrections and spin, just as in GR it can break degeneracies that allow one to distinguish between GWs emitted by neutron stars (NSs) and black holes (BHs) in a binary system [12] .
The ability to break degeneracies among the binary's parameters and modifications to GR makes spinprecessing binaries ideal systems to probe parity violation [4] . We here present the first ever study of precessing, quasi-circular compact binaries in a modified theory of gravity. We focus our attention on binary systems composed of spinning black holes, which, in dCS gravity, are modified from GR through scalar dipole hair and a perturbed quadrupole moment. We focus on the binary's evolution and GW emission during the inspiral phase of coalescence, where gravitational fields are weak and the orbital velocity is small compared to the speed of light. We thus work in the post-Newtonian (PN) formalism, and numerically construct, for the first time, the GWs emitted by spin-precessing, quasi-circular binaries in dCS gravity, including the effects of amplitude and frequency modulation due to spin-precession. Using a mismatch argument, we then estimate the level to which the dCS coupling parameter ξ could be constrained with future GW observations. Precession Equations. When the binary is widely separated, the orbital time scale (i.e. the orbital period) is much longer than the precession timescale (i.e. the time it takes for a precession cycle to complete), which is in turn much longer than the radiation-reaction timescale (i.e. the time it takes for the orbit to decay significantly). This separation of timescales allows us to consider the precession of angular momenta without radiation-reaction as a first approximation within PN theory [13] .
The motion of spinning BHs has been well studied in the context of effective field theory within GR [14] . To obtain the precession equations for BHs in dCS gravity, we apply the same effective field theory methods by requiring the matter action to satisfy a set of additional symmetries, i.e. parity and shift invariance. We construct an action that contains all possible terms that satisfy these symmetries, and then restrict our attention to the subset that do not vanish when matching to the case of isolated BHs in dCS gravity.
The variation of the action in effective field theory with respect to the linear and angular velocities of the BHs gives us the equations of motion for the linear and spin angular momenta. After solving for all fields within the near zone of the binary, we PN expand the spinprecession equations, orbit-average them and obtaiṅ
where
] are the coefficients of the leading PN order spin-orbit, spin-spin, and monopole-quadrupole interactions in the GR spin-precession equations, specifically,
with M = m 1 + m 2 and µ = m 1 m 2 /M the total and reduced masses of a binary with component masses m 1 and m 2 , spin angular momenta S 1 and S 2 , orbital velocity v and orbital angular momentum oriented alongL.
As we have found, in dCS gravity only the spin-spin and monopole-quadrupole interactions are modified. The latter of these is due to the fact that BHs in dCS gravity have a modified quadrupole moment. The former is unique since it arises due to a dipole-dipole interaction, when the scalar dipole moment of the first body interacts with the scalar dipole moment of the second body through the dCS pseudo-scalar field. Since the dipole moment is proportional to spin, this interaction can be recast as a spin-spin interaction. To obtain the precession equation for the spin of body 2, one can simply replace 1 ↔ 2 in the above equation, and the precession equation
Before we study the GW emission from a BH binary in dCS gravity, it is useful to study the properties of the spin-precession equations in the absence of radiation reaction. The precession equations admit seven conserved quantities. Three of these are the magnitudes of the spin and orbital angular momenta (| L|, | S 1 |, | S 2 |), which are guaranteed by symmetry since there is no GW emission to carry angular momentum away from the binary or into the BHs' horizons. Three additional conserved quantities, specifically the components of the total angular momentum J = L + S 1 + S 2 , guarantee the existence of a co-precessing reference frame [15] . The remaining constant of motion is revealed upon inclusion of the quadrupole-monopole interactions in the precession equations [15, 16] . This seventh constant, referred to as the effective mass-weighted spin, represents the projection of the spin angular momenta of the bodies onto the direction of the orbital angular momentum. Unlike the other constants of motion, the effective mass-weighted spin is modified in dCS gravity due to the extra dipoledipole and quadrupole-monopole interactions and we find that it is given by
with A = 201 224
C = 25 48
where we have introduced the short-handL S A := L · S A . The existence of these seven constants of motion plays a critical role in the construction of analytic waveforms for spin-precessing binaries, since they allow the reduction of the precession equations to quadratures. Such a calculation has already been performed in GR [15, 16] , with an extension to include radiation reaction in [17] , and the calculation of analytic, Fourier domain waveforms in [18] . The results obtained here would allow for the construction of similar spin-precessions waveforms in dCS gravity.
Waveforms. The derivation of an analytic Fourier domain waveform for spin-precessing binaries in dCS gravity is the ultimate goal for learning how to constrain deviations from GR in such systems. However, the derivation of such a waveform is exceedingly lengthy and goes well beyond the scope of this work. We will here consider a simplified, semi-analytic, waveform model [19] which has already been used to study constraints on the graviton mass from GW observations of precessing binaries [20] . We are here interested in how well we may be able to constrain dCS gravity with precessing binaries with GW observations, so we will adapt the waveforms specifically to aLIGO detectors. The amplitude of the waveform is given by Eq. (2.3) in [20] , which is characterized by the directions of the orbital angular momentum and line of sight to the source, and the beam pattern functions F + and F × of the detector. Since we focus on GW sources relevant to groundbased detectors, the beam pattern functions are still given by Eq. (2.4) in [20] , with the time-varying polarization angle still given by Eq. (2.5) therein. For groundbased detectors, the amplitude must be rescaled by a factor of 2/ √ 3, although this is an overall scaling factor that is not relevant in this paper.
The Fourier phase of the waveform differs from [20] due to the specific modification from dCS gravity. Following [19, 20] , we write the Fourier phase as Φ(f ) = Ψ(f ) + ϕ pol [t(f )] + δ p Φ[t(f )], where Ψ(f ) is the contribution coming from the orbital phase that exists even in the non-precessing case and it can be found through the stationary phase approximation, ϕ pol (f ) is the polarization phase given in Eq. (2.17) of [20] , and δ p Φ(f ) is the integrated phase caused by precession of the orbital angular momentum and given in Eq. (2.19) of [20] . All of these Fourier phase contributions depend on the orbital or the spin angular momentum, and thus, they will acquire modifications due to dCS changes in the spinprecession equations found here.
Consider the orbital part of the Fourier phase Ψ(f ). In dCS gravity, the frequency evolution of the GWs was first found in [11] and it is modified due to the presence of dipole radiation:ḟ =ḟ GR (1 + δCη −4/5 v 4 ), where η = µ/M is the symmetric mass ratio,ḟ GR = (96/5πM
2 )v 11 is the leading PN order, frequency chirping rate of GR, v = (πMf ) 1/3 , with M = M η 3/5 the chirp mass, and δC given in Eq. (9) of [11] 1 . For spinprecessing binaries, δC becomes oscillatory, and the inversion to obtain t(f ) and Ψ(f ) would in general be nontrivial. However, as shown in [21] , such oscillations are also present in GR at 2PN order and they lead to small corrections in the inversion that can be neglected without a significant loss of accuracy. We have verified that the effect of the oscillations of δC in the inversion is also small, and that subsequently, we can treat δC as a constant in the inversion. This implies that Ψ(f ) = 2πf t c − φ c − π/4 + (3/128)v The remaining two contributions to the Fourier phase, ϕ pol and δ p Φ, are still given by Eqs. (2.17) and (2.19) in [20] , respectively, but they no longer have the same time evolution as in GR, since they are now governed by the dCS precession equations in Eq. (1). Thus, to obtain ϕ pol (t) and δ p Φ(t), we numerically solve the dCS spinprecession equations to obtainL(t). We then calculate ϕ pol (t) and δ p Φ(t) numerically and finally convert them into functions of frequency using the inversion for t(f ). Figure 1 shows the differences between spin-precessing waveforms in GR and in dCS gravity. As a representative example, we choose an equal-mass system with | S 1 |/m 2 1 := χ 1 = 0.9 and | S 2 |/m 2 2 := χ 2 = 0.95, S 1 = (0.9, 0, 0.44) andŜ 2 = (0.1, 0.25, 0.96), and m 1 = 10M ⊙ = m 2 . We numerically evolve the binary starting at f GW = 2/T orb = 5 Hz, where T orb is the orbital period of the binary, and stop the numerical evolution when the system reaches the last stable orbit for a Schwarzschild BH, v = 1/ √ 6. For the dCS case, we take ξ 1/4 = 10 km, which we have verified satisfies the weak-coupling approximation required for the effective field theory treatment to remain valid. The top panel shows the amplitude of the dCS waveform normalized to the amplitude of the GR waveform, while the bottom panel shows the difference in the total Fourier phase between the dCS and GR waveforms. The amplitude displays modulations typical of spin-precessing systems, but these modulation are modified by the dCS effects. Of the Fourier phase components, the precession component δ p Φ displays the largest deviations from GR, and dominates the dephasing between the dCS and GR waveforms. This is to be expected since the modifications to the spin-precession equations enter at leading PN order, while corrections to the orbital part of the Fourier phase enter at 2PN order.
Parameter Estimation. We now study the degree to which we can constrain dCS gravity with spin-precessing GW observations. To obtain an estimate of the projected constraints on ξ, we consider a match argument, which involves determining the faithfulness of a GR waveform template in recovering a dCS waveform. We begin by defining the noise-weighted inner product between two Fourier domain waveformsh 1 andh 2 as
where * corresponds to complex conjugation and S n (f ) is the power spectral density of the GW detector. We are here interested in observations with aLIGO, so we use the S n (f ) for aLIGO at design sensitivity [22] , and we take f min = 10 Hz and f max = f merger . The match between two waveforms is then given by
where δφ and δt are overall phase and time shifts that one maximizes the inner product over.
The match provides us a means of determining the minimum value of ξ such that mismodeling, specifically not including dCS effects in the precessing waveform, does not significantly bias parameter estimation. This can be translated into requiring the systematic error due to mismodeling be smaller than statistical measurement error. The nominal match that satisfies this threshold is
, where D is the number of parameters in the waveform and SNR = (h|h) 1/2 is the signal-tonoise ratio [17] . To estimate projected constraints on ξ, we study the representative system discussed earlier, and compute the match for various values of ξ, as shown in Fig. 2 . For comparison, we consider a system with the same masses, spins, and initial separation, but which is non-precessing, i.e. where the spins and orbital angular momentum are aligned. Using the nominal match described above, ξ 1/4 1.3(1.6)[1.9] km for the precessing system, while ξ 1/4 7.6(9.2) [10.5] km for the non-precessing system, to ensure that the systematic error is less than the statistical error. The precessing binary allows for roughly an order of magnitude better constraint than the nonprecessing system, and an eight order of magnitude better constraint than current Solar System experiments.
The estimate above does not account for possible covariances between the parameters of the binary and the dCS modification, which may somewhat deteriorate our ability to constrain ξ. Further, the scalar dipole moment of BHs is known to all orders of spin. For certain values of the scalar dipole moment, dipole contributions to the GW energy flux can vanish [11] , which would impact our ability to place constraints on ξ. This constraint, however, would also improve inversely with the signalto-noise ratio. A more detailed Bayesian analysis can be carried out, once analytic Fourier-domain waveforms are calculated for dCS-corrected, spin-precessing binaries. The work presented here allows not only for such an analysis, but also for the construction of phenomenological inspiral-merger-ringdown waveforms that can be compared directly to GW observations in the future. 
